Maximum Network Flow

Network : a directed 5r~af/x, with two
d.’stinju(.shed vertices, a Sourceé § and
a sink t, and a Ino.si{:ive ca/oac;it)/ Ll[n{, w’)
" on each edje(v',w).

A -f/o'w onh a network: a nonnegative function £
on edges, bounded abeve by the capacities,
Suc.h t/\at ‘the fo‘ta’ f/ow info an/ rer-tex
other than s and t equa/.s the total flow out




Maximum f/owz a {low that maximizes the
net flow into the sink (which ciual.s
the net flow out of the .S‘ourcc).

Pl‘oblﬁm.‘: Fino( a maximum f/ow m a jfven
nctworkj as fast as posﬂéle.

n= #yertices
n;s #" 80{9&5

U= maxi:qum edje Caj)acit/
j(i'—x[ ca]oac.itie-s are in‘tejer.‘sx




Ford - Fulkersen Method

 Residual edje: aloair\[b;u/) such that

() #o) < (o) * Up ) = ) = £ (1)

or

(i) £(wv) >0 up(rw) = £(wv)
Residual network: the network of residual edjes

Thm. A fbw is maximum iff there is no path
from stot in the residual network (.mc/x
a Ioat/l" K an az_A_qmentin_q,pat/w).
, ’ J v <




Ford - Fulkerson metho d:

rePea‘t‘\ | 51}1\([ an .aujmen{inJ fath

auﬂment‘ flow

Time: O(ﬁ/m M) (hdt IDo//nomia/)‘ need not
| - terminate i c:uloacitie.s
are irra‘tiona/)
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M aximum F‘OW Pr‘oHem

Network G ’(‘V‘, EB , Source s, sinkt

'edje capacities ulvw)  for (v,w) € £

,V,"—f n ‘ E!: m U= max ]\A(v,w”
ASSume hef.work Is Symme‘trfc:k

(vw) € E ff (wyv) €E

Flow £ : E >R
flow) £ u(vw)
)7~ )
e(w)= {;' fbw) =0 Vw ¢ [5¢]

OLJCC‘U\/CI maxim) ze @(t) (’-’ - 8(55)




Edmond.s g/(arﬁi aujment a/onj .s/\ortes‘t (fcwcst
ede) paths : O[nm")

Dinits : build shortest Pat/o subnetwork of residual
network, find all au mcntinj paflx.r of a
given /e/v't/: at once: O(n"m)

An ea{ye(v,w) is saturated if £(=)ru(n)

A [)’ou(i/:j -ﬂ:w 15 Qa f/ow such that eVEry
[M’U‘ from s to 1 contains a Satursted edJe

Dinits reduced the masimum fhw ,am‘/fe-m to
n Ll’oclzinj Llow Iomélems) each on an aC)/c/fc
network.

Fino(inj a Abf-b'g flm;' /s easier 't/\am ?/‘n:na(fry o

maximum flow) at least on an acrclic network.




(‘éﬂ&?ﬁ e{fﬁ.jg PA‘!;A :
O{;P) Hime per Pat/\ X O/!h) Pa'f.Af per ig,f‘.xq

x‘()(n)' path Ievékcs O(nmz) time.

Dinie : find all ggymm-f;g?ﬁ /Da‘i;(.? af A given
/enjt,( at Once, in A phase :
Of) tinc per path » 0 (am) pathe
y O(ﬂ}) time per ,a/ﬁfe xQ(n) pl\ﬂ&% =

| Q(hlrﬂB f’i»f;né?.
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Forerunners of praflow push method




. ;;,.,-;i,\;.fﬂ’j:terd/l'Ve Irnf)mvem en t: :

- loza !fy ﬁ‘“‘ﬁdi 7‘{/ *f‘ﬁ;f Carrent solwtis

UCCéSﬂVE PPI‘Q)C:M »
e;afw ;{Nggs:wif é:.,;ﬁf" ﬁﬁf;m;;;mg
ot ﬂ‘lv'* zf"??mfff' ﬁf"@é}ﬁ?& aﬁm? £as

 solutien as a J,fa;*“";?ufi F«amé %‘;p #He
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- Preflow Push Appreach (Goldberg) '

Tw l'chS::, :

Mﬂh tAC . ba;ic ffCPI In fAC Compufdf;éﬁ 5Ma£/£ﬁ .

Use a les jlokl} more diste] Luiad app mw« A to

P




Pre {low (Karzanov)z like a Llow except that the
total {lw inte a vertex can exceed the tota!l

‘([cw out.

Avertex ¢ ¢ w/t/:_exfra incoming flow s actire. The
net /'naau'r:] £hw e(vs (s the _gﬂ)?(ﬂgt',lxs of vertex v.

Idem move /Aw'exéess ‘t‘bwdrﬂ( Sl'n/( a[onj e;tima‘feﬂ(
shortest Pa,‘t/ls. Move @&xcess that cannot reach
the sink back to the source, also abng estimated

shortest Pa.'ﬁ hs.

To estimate f)a't/) /enjfhs-' a valid /gée/:'ng 1S an

/'nfejer function o on vertices such that:

() d{t)=o
(i d@) e '
(""lj‘d(v)-‘.o{(w);*l s L{{[g{'w) >0

d(v) s a bwer bound on the minimum of
distance fo t; n+ distance to §




A{?ori‘t/\ m

1. Saturate all edjas /Caw'nj S. (hoese jpitiql A.
2. Re.locxf /ous/; and relabel Jte/o.s ‘n Any order
until ne vertex ;s active,

push (v,w)
1f v is achve, “, (v w) >0 and A (v)e A(w)+1
then move Sl min fev), Uy Gw)} units of

{Z:w"/;‘om y Lo w(t/)er Ious/n Is iﬁm# s

K{(t: w) units are mo#’@dl)

relabel [y):
(f vis aetive and £~ all (44), u (nw) =0 or Afv)s Afw)
then [et AW) = min [d(w)t,l/ Uy [y/u/) >oj .

A R A e et






8 ou ho{ S e

’ Ween S'a‘f‘-urat'mJ pu;locs ‘t raJ L
of eofjﬁ must be rglng/el

E 9 0 (n m) satur A‘Einj puflaes e

The heart of the ’L,Qﬁaff%is' e




Ge”ef'cBouno(O(hlm)
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AIWA)/S }JMSA fram ‘t/\e vertex 470h -tl;c /;*onf of fﬁer

| Anal):sij B

P /'“es PA‘-‘C 1 loroccs’f» ] of {gws

Pﬁasc :+1 pmceggmj af Vﬂri:%&

, fud;- a push 'rer{ucef: U\c‘cx
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713 Num lef‘ °( Pl“ s "’ W ," i

f—? O( n) ‘toial Pl\w‘ es.




AAuJar— Dr[m Excess .5c¢luj

Ma,,\tmn | A_) An upper Ao-v‘of oq'm_gx,éx;:ass

e (VB > A:"J'-
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| atwenting pukes = O(am)

hen satur a.-‘-f::, pushes = O(,\" Ia‘, u}

emvk L, rv‘-mm:] amvl excess ts |

fhmsu( ~a€€»(7 fal:ura*a ve7 Sma 0-5,




" Preflbw Push A ’jc’ rithm 5 e

Date :Di.scoverer Time

| O(n‘m"‘) * o Dtaide

1296 Ahuja £ Orlin

1987 Ahyja 8.Orlin -

/78‘7 Cl\crlyanf l-/ajerup O (nm& hl(lcsjﬂ) ) ERag gty

Hﬁ | Chnyaﬁ;zxzemp ~O ( n //‘gn)




Pf‘a&ff(,f,

APPr‘o/Dfiaf-C- versions of the Pref’/ow /ms'}s
method are ea;/ to imp/emeni ardd very fas? /o practice:
lf"‘!“f‘ times 1&#3" f‘dn I;n;g 'or\ f'eafanafé,e, ,g,/ﬂ;’eﬁ @?f

Jraﬁ/\s :

i Inport ant Aewristic: Per;o/;atly compute ﬁ{?/\t Astance laked:
uf;,j &Cadf}\" /;'r{f. searah. (Oifserwigg, ‘f/;f f’@yaé&/mj’

4ime 1§ teo A’)]A>

The FIFO ﬂljaf;t/wm can éC /Dmle/;zc//bu{/, foson Al qohior.
Vertizes at once. Tt fée;»{f' to ]t'vc Arastic f{’%ﬂwo G

P’d,’l‘ﬁe,ﬁ- .

| W'A&ﬁl\gﬁ dyﬂ@mfc. trees AG/() Gr'\ V'/:r] /ﬂr]g, fﬁ‘wéﬁ Aﬁf p*

s

yet been studied.




